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Abstract:

The paper investigates the nonlinear self-adjointness of the nonlinear inviscid barotropic nondivergent vorticity
equation in a beta-plane. It is a particular form of Rossby equation which does not possess variational structure
and it is studied using a recently method developed by Ibragimov. The conservation laws associated with the
infinite-dimensional symmetry Lie algebra models are constructed and analyzed. Based on this Lie algebra,
some classes of similarity invariant solutions with nonconstant linear and nonlinear shears are obtained. It is also

shown how one of the conservation laws generates a particular wave solution of this equation.

Introduction

The concepts of symmetry, invariants and
conservation laws are fundamental in the study of
dynamical systems, providing a clear connection
between the equations of motion and their
solutions. There are many reasons for computing
symmetries and conservation laws corresponding to
systems described by differential equations. In
recent years, a remarkable number of mathematical
models occurring in various research domains have
been studied from the point of view of symmetry
group theory [1-3]. The Lie symmetry approach is
now an established route for the reduction of
differential equations. The method centers on the
algebra of one parameter Lie group of
transformations admitted by the PDEs. Once
known, the reduction of the PDE is standard and
may lead to exact (symmetry invari- ant) solutions
[4-8]. There are a number of reasons to find
conserved densities of PDEs. Some conservation
laws are physical (e.g., conservation of momentum,
mass, energy, electric charge) and others facilitate
analysis of the PDE and predict integrability.
Conservation laws play an important role in the
development of soliton theory, in the theory of non-

classical transformations [9], [10] and in the theory
of normal forms and asymptotic inerrability [11].
The knowledge of conservation laws is also useful
in the numerical integration of PDEs [12, 13], for
example, to control numerical errors. Although No
ether’s approach provides an elegant algorithm for
finding conservation laws, it possesses a strong
limitation: it can only be applied to equations that
have variational structure. Finding methods for
constructing conservation laws for equations
without variational structure has been subject of
intense research. For example, in [14] a nice
relationship is established between symmetries and
conservation laws for self-adjoint differential
equations, an identity which does not depend on the
use of a Lagrangian. Another interesting result
concerns a direct link between the components of a
conserved vector for an arbitrary partial differential
equation and the LieBécklund symmetry generator
associated to the conserved vector’s components
[15]. Recently, [16] demonstrated a new algorithm
for finding conserved vectors associated to any
symmetry of nonlinear self-adjoint evolutionary
equation. Extensive research has been carried out in
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order to find self-adjoint and quasiself-adjoint
classes of equations and their conservation laws.
For example, the necessary and sufficient
conditions for a general fourth-order evolution
equation to be selfadjoint is determined in [17], the
quasi-self-adjointness of a generalized Camassa-
Holm equation was obtained in [18], a quasi self-
adjointness classification of quasilinear dispersive
equations was carried out in [19]. The purpose of
this paper is to apply the recent Ibragimov’s
approach to the study of two-dimensional Rossby
waves. The study of Rossby waves is one of the
basic important problems in geophysical fluid
dynamics such as atmospheric and oceanic
circulation dynamics [20-22]. The Rossby waves
studied in this paper are restricted on the following
dimensionless inviscid barotropic nondivergent
vorticity equation in a beta-plane [23]:

Aciy + Nu, Au) 4+ Bu, =0, (1)

where o is the dimensionless stream function, A =
& fdx? 4 & fdy* denotes the 2—dim Laplacian operator,
Jv, Av) = w,Auy —u A, is the Jacobian. We shall char-
acterize the Earth's rotation effects through the guantity
E= i‘-:{us.[:,:q,][‘;—.']. where Ry is the Earth's radius, wy is
the angular frequency of the Earth's rotation, dy is the
latitude, L and L' are the characteristic horizontal length
and velocity scales.

Neglecting the effects of the Earth’s rotation (f =
0), the general fluid dynamics can be described by
the Navies Stokes equation. In [24] some exact
solutions of the Navies-Stokes equation have been
found from the symmetry group analysis. Because
of the non-inerrability and of high nonlinearity of
Eq. (1), one usually studies the Ross by waves
numerically or approximately [25]. This paper is
organized as follows. The essential points of
Ibragimov’s method will be summarized and the
nonlinear self-adjointness of evolution equation (1),
the most important point of applying Ibragimov’s
method, will be investigated in Section 2. The
conservation laws provided by infinite-dimensional
symmetry Lie algebra admitted by the 2D Rossby
equation will be constructed in Section 3. The next
section of the paper will illustrate the algorithm for
constructing invariant solutions of our model with
respect to some one-dimensional subalgebras of the
whole Lie algebra. New such invariant solutions
and a periodic solution provided by the non-trivial
conservation law will be point out, respectively.
Some concluding remarks will end the paper.
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2. Nonlinear self-adjointness

There are many interesting results concerning the
correspondence  between ~ symmetries  and
conservation laws. Because a large number of
differential equations without variational structure
admits conservation laws, an intense research has
been devoted to find methods for constructing
conservation laws for equations without variational
section we shall present
Ibragimov’s method [16] which provides an elegant
algorithm for finding conserved vectors which can
be applied for any differential equation (or systems
of equations)

structure. In this

2.1. Ibragimov’s method

Let us consider a partial differential equation

F = Flx, u, vy, ...tyy) = 0, (2)

where F is a differential function, x =(x 1, ..., xn)
are the independent variables, the dependent
variable is u = u(x) and u(n) is the set of all partial
derivatives of u, up to n-th order.

The formal Lagrangian is introduced by the
relation:

L =vF. (3)

It involves a new dependent variable v, the so-
called nonlocal variable. It is a similar approach as
the use of ghost type variables [27]. Then, the
adjoint equation of (2) is defined by

5L

F*x, u, v, o b i) = — =0, (4)
' dhii
where
& d = i
— = 10, .0 5
du  du I gi F Ty, =)
is the Euler-Lagrange operator,
i d d d d
Y AL A A
b i ko, du ey kg du, F Yy dv;
i i
e o | e b f
} u"ld‘u_,l = Wik v, (B)

is the total derivative operator with respect to x i, i,
3, k=1, ..., n, and summation over repeated
indices is assumed.
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The equation F = 0 is said to be nonlinearly self-
adjoint if there exists a function

v = glx, u) (7)

such that
F* |omginy= AF (8)

for some undetermined coefficient A. If v = ¢@(u) in
(7) and (8), Eq. (2) is called quasi-selfadjoint. If v =
u, the Eq. (2) is called strictly self-adjoint.
Supposing that Eq. (2) is nonlinearly self-adjoint,
then applying Ibragimov’s theorem to system (2),
(4) with the formal Lagrangian (3), one obtains that
any Lie point, contact, generalized or nonlocal
symmetry

i J’j—u (9)

admitted by (2) determines a conservation law DiC
i =0 for (2) with the components of the conserved
vector given by

e [ p (22, or
C _r:,;:m[ . D"{rj‘u,_,) D,.DL{dul_d) ]

du
[ ac ar
4 D:,[ﬁjl:m DJ. (du.-l-l.) i ]
4 DD,,[LV][ oL ] .. {10)
! :.‘Juul
T A R A A
L. D.(d—u‘) DQ[E) f”~'”~’iﬂ'(m)'D"(aauu m\[m”.

D|v(Auy + B+ Dyl - (D} + DD} + Dyfvw,) = Dy |

After appropriate calculations, the adjoint equation
is written as

— Viey ~ Viey) — UX Vexy + v@y) T UYpeyx + vex ]
Bvx+ 2uyyv2x — 2viyu2x = 0. (12)

It is easy to verify that this equation becomes the
2D Rossby wave equation (1) multiplied with
constant coefficient A = —1, upon the substitution v
= u.It means that the equation (1) is nonlinearly
self-adjoint, specifically it is strictly self-adjoint

Conservation laws

symmetrie

provided by Lie point
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Noether’s theorem cannot be directly applied to
obtain conservation laws on the basis of the
equation’s symmetries. This can be overcome by
applying the general concept of nonlinear self-
adjointness developed by Ibragimov which enables
for any

to establish the conservation laws

differential equation.

Lie point symmetries of the 2D Rossby wave
equation.

The Lie algebra of the infinitesimal symmetries of
the twodimensional Rossby wave equation (1) has
been obtained in [26]. It involves two arbitrary
functions of t and contains the following basis of
symmetry operators:

a a @ a a a

Xy = — —_— — Jb—, X; = vy | Xy= =—

TR ™R T TR THES A T
@ [diy \a 4

X = 12 [ i g) L X=gl)a (1)

When the Lie algebra is computed, the following
nonvanishing relations are obtained:

[Xi, Xa] = =Xa, %o, Xa] = Xa, [X0, X0] = X0 + X, p,
:f i :fg_‘l = .X|||_| + 3 [){3. )‘i.] = XI .[X:,X.J] =X
X2, X = X,_;..

(14)

3.2. Conservation laws associated with symmetries
We will apply formula (10) for constructing the
conserved vector associated with the symmetries
(13) admitted by the 2D Rossby wave equation.
Since the maximum order of derivatives involved
in formal Lagrangian (11) is equal to three, this
formula becomes:

Cimw [E o.{"—) m.ol[ oc )]
o U\ Oy ' [ TTHT
| ac dC ; | ac
+0,(W) d_uj o, (dr.r._.;. )] B D W0 (W) [du,_,,,]
(15}

where the Lagrangian containing mixed derivatives
should be written in the symmetric form
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Vo
L = E{jﬁun. + Ugjayg + Uypy F Uy + sz + U

{ul[u,_a I Uyyy + U

Ejy i

[tz Ugey + Uy, + 3us]}

Invoking that the analyzed Eq. (2) is strictly self-
adjoint with the substitution v = u, we will replace
in C i the nonlocal variables v with u, thus arriving
to local conserved vectors for Rossby wave
equation. Let us apply the procedure to C 1 .
Consequently, the density of the conservation law
is written in the following

form:

1 di dL
€= w[ﬂh(d”r!i‘u fﬂ_?'., Ay

gl

D.(W)D, (d‘": ) D?:wmw(il

Urj2s) d”rl_?'n,q
arc
FD_\JW' [ﬂ”rl_’tl ) ‘ D:I’J:W] (dullli'l )
or
1
C" :EI[H-"-‘U_:-IL | u;u] LF‘DJW' U‘JD':Tl:w]
t o [ Dy (W) + Doy (W]} (17}

Dilation group

Consider the generator of the dilation group from
the basis of operators (13), namely:

i
u—. (18)
o

It is interesting to note that the symmetry operator
X1 leaves invariant the action attached to the
formal Lagrangian (3). This assertion can be easily
checked using the Lie equations associated to XI1.
For this operator, the Lie characteristic has the
form:

W =—-3u— tu; + xux + yuy. (19)
The substitution of (19) in (17) yields:

1
C' = {~tufuy + ey ]+ tluxus + uyuy] + Upes)

+ Yugy) T XUxy) + Yoy ~ tut [usx + uzy] + yuoxuy +
XUzyUx — (yUx + Xuy)uxy — 4u(uzx + uzy) +2(u2* +u

29)}.(20)

yry F Uyys

+ 3u3,] [16)
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We modify (20) by using the identities:

fuptgay = O, [=teou,] + tugug,,
Tty = Du[ !'u,ui,] + Ty by

tu oy, = O Jteug ]=tuwgo,, togur, = O teug =t

2
i,

Pk | bt

uxia, = O Juxus] %D‘ﬂxu':] D v, u) +

1 , 3,
uyusy = Dyluyuz] = 50,(yu;) = Dylugu) + su;.

Based on the commutativity of the total differentiations,
the conserved vector C = (C7, 2, C7) can be reduced to
the form:

with the components
&, E=C+ D), C=C+ D). (29)

Remark 2.
The two-dimensional vector (C2, C%) defines the flux of
the conservation laws. In the fellowing, we will ignore the
tilde in the final expressions of quantities (24).

The conservation law 0,0 = 0 is trivial if and only if its
density C' evaluated on the solutions of Eq. (1), Le. the
quantity C! = £ | satisfies the variational derivative:

ac! .
—==0. (25)

Using the previous statement, let us verify if the analyzed
conservation law is a nontrivial one.

ac]

i . 3
T = E[!'uﬂu,ﬂ;u:l + Bty + 35+ u;r]: b 0.

(26)
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The flux of the conserved vector could be abtained either
by means of relations (15) or by proving that the D,(C"}
evaluated on the solutions of Eq. (1) satisfied:

Bi(C") = D.(P*) + D,(P?) (27)
with certain functions P2, P*.

We choose to derive the flux (C2, C7) of conserved vector
with known density (22). In fact the relation (27) could be
really obtained using the master Eq. (1) and the identi-
ties:

D,[C‘] liy={(—v — tu){Au,) — twl (A,
0w, i, + u,fuy,]]r li1) (28)
1, 1,
wo, O (Au) = D, 5 D,{Au)| = U D, Au),
1 5 L
—uui.ﬂ.[ﬂu:l = —Di. Fu D, (Au) | + e Dwiﬂ.u],

J'u,u.ﬂuiﬂu] =0, [Euu,ﬂ‘,f[.'lu:l] = Euu,xﬂ‘,‘[&u}
— tuwn DhyAu),

—tugu, O, [Av) = — DE.[I'uu,DJﬂ.u}] s Euu,qﬂ,[&u:l
+ tww 0, (M),

1 7

Dx[.rﬁuu,] = tBu,u; + tfuu,,, Bu.u= 0, [Eﬁu'] .

Dyfhuy) |iy= — e Dy(Au) — v Dy (Av) + weg Dy [Aw)
4w, Oy (Au) = Bu,,,

tuu, O (Au) = D, [%quﬂ,ylﬂu}] = %I‘uiﬂ‘l&.,lﬂ.u],

—tuu, O (Au) = D, [—%ruzﬂ,.[&uﬁ] i %J‘uzﬂw,lﬂu}.

1 1
(ot + wyug] =0, [uu,,, + Euzﬂglﬂu] 1 Eﬁuz]

+ D, [uuyr —~ %uzﬂxl&u}] . 29)
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Substituting the expressions (29) in the extended right-
hand side of Eq. (28], we arrive at Eq. (27) with

2 7 1 ' .
P = [Euz . tuu,] [.ﬂ'.uﬁ,+E]+Efu2[.-lu|!]+f}uul,, (30)
pro |1, LI : _

== Eu + o | (D, ) = Et‘u (Db ) + Ouwrg,. (31)
In conclusion, denoting €2 = =P, € = =P, the in-

finitesimal symmetry X = r% = xﬁ - y:—y - 'ju:—u from

the basis {13) admitted by Eq. (1), provides the conserved
vector O = (L7, €2, C) with the components:

C! = —tulhu,) + 3(Vu),

3

? 5 1 3
= - [E”- + fuu,] [, + B] = Etu'lﬂu,q:l - B,
=Ly A L 6 32
= Eu + | (Awu,) + El‘u (Aute,) = Buwg,. (32)

The quantities (32) do not have a direct physical
significance, but they can generate interesting
solitary wave solutions of (1), as it will be
exemplified in subsection 4.2.

3.2.2. Translation group The one-parameter group
of translations in the variables t and x is generated
by the operators X,, X3 from the basis (13). We
analyzed the conservation laws generated by the
invariance of Eq. (1) wunder this group of
symmetries.

(i) Time translation For the operator Xg =, the Lie

characteristic is:
W =—ut

Substituting it in (17) and after some appropriate
calculations, the final expression for density of the
local conserved vector takes the form:
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i 2 1
= uldi,) + 0, [Euuh EU.‘U;]

2 1
+ 0, [E”u“" Eu,’u,] . (34)
Dropping the divergent type terms, it gives:
£ = AT (35)

According to Lemma 1, we have to evaluate (35) on the
solutions of Eq. (1). Then, we have

8!
3u

i
= E:u}[u.&u] | ﬁuu,]: 0. [jbb

Hence, the invariance of Eq. (1) under the time

translation only provides a trivial conservation law.
3

(i1) Translation of y For the operator X3 = 3’

the Lie characteristic is
W =-uy. (37)

Replacing this expression in (17), one can rewrite
the flux in the equivalent form:

. 1 [{Vu)?
C :D.,[E([ 2:I u[ﬂ.u:l)].

Definition 4. The conservation law is said to be
trivial if its density C 1 evaluated on the solutions

(38)

of Eq. (1) is the divergence:

Hence, the invariance of Eq. (1) under the
translation of y only provides a trivial conservation
law. 3.2.3. Infinite symmetry Lie group Similar
calculations show that the symmetry operators Xr
and X, from (13), which involves two arbitrary
functions of time, also give trivial conservation
laws, in according with the previous condition (39).
More exactly, in these two cases, the densities of
conservation laws admit, respectively the
divergence expressions:

T _p 1 (Vu)’
Xy C _D.[_j(:{:]( 5

F D, [%i:r;[zu guq]]

u[."_".uf] i “HJLF‘):I

X, = C' =D, [%g[!‘}u.] + 0, [%g“]uq]. (40)

4. Types of solutions
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Let us present some symmetry reductions and
associated invariant solutions for underlying Eq.
(1). 4.1. Invariant solutions based on symmetry
transformations

For a start, let us derive the invariant solution
generated by the invariance of the analyzed
equation to the dilation group. We will use the
assertion that the function u = Y(1)(t, x, y) is a
group invariant solution of (1) if:

Xa[u

Wt x, )] [y =0, 41)

where the operator X1 is provided by (13) This
condition is equivalent to the partial differential
equation:

3P 4 ! — gl — gyl =,
which admits the solution:
Hixt, y1)
'+"“'[I. ¥, i) = %

(42}

(43}

Introducing the invariant similarity variables w = xf and
z = yt and substituting (43) in Eq. (1), one arrives at the

following reduced equation for H{w, 2):

whH,. + zAH: — AH + |H AH) + BH. =10,

with & = @ jdw? + & 182°. It has the solution:

where ¢;, i = 1,4 are arbitrary constants.

(44}

Coming back to the eriginal variables, the invariant solu-

tion of (1) is given, in this case, by the expression:

By’ L oly”—x)

ult, x, y) = 3 T

1
t Fﬂlﬁ&l‘ + cyx) 4

r'-.i
B

(4B}

For a fised moment of time ¢ = 10 and for the choices of
the ather constants B=10""" ¢, =05, =1, 03 =2,
¢y = 1, this solution has the form represented in Figure 1.
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By  aly-x) 1 [
5 . x -2—1 + ,_z(“y+“"‘)* B

(46)
For a fixed moment of time t = 10 and for the choices of
the other constants B=10"", ¢;, =05, =1, 3 =2,
¢y = 1, this solution has the form represented in Figure 1.

ult,x,y) = -

Figure 1. A plot of the Rossby wave described by (46) with 8 =
10-", 4 =05 =1, =2, ¢=1attimet = 10.

We will construct the invariant solution generated by the
symmetry operator ( Xs+ X;) = 5 + /()% ~ ("—";‘,ﬂy) <.

Following the same procedure, the invariance condition is
equivalent with the following partial differential equation:

2 2 ¥ _
W2 4 F(WR + T ()y =0, (47)

The solution takes the form:

¥ . K X x
il I[T.x,i_,r} = =f 7 (g - _Ef[t}} + G {I,i_,r - _f“}) .
(48)

Replacing the previous solution in Eq. (1), one obtains
the reduced equation:

FEE=2002=FF (V41 H2Gay + 1201 + 1 )Gy
— 2 f Gag—BI(F 2+ GC) =0, {49)

where the invariants are denoted by w =t and z = y =

-
If we choose a concrete form for the arbitrary function,

namely f{w) = =2¢yw 4 3, €5, €2 = const., the Eq. (49)
generates the solufion:

Glw,z) = c12° + p(w), (50)
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with arbitrary function pfw).

Consequently, a new invariant solution of Eq. (1), written
for constants ¢y = —1/2, ¢; = 0, takes the particular form:

X X 1 Ky
u{t.x.y]_—?(y-ﬁ)-i[y—ﬂ + plt).  (51)
If we take into consideration the operator X; + X; =

3‘% + g[a‘};‘% and applying a similar way, one arrives at
the fellowing solution:

u(t, y) = githy + rl1), (52)
with g(f) and r(f) arbitrary functions.

As an example, for the choices git) = cost, r(f) = sint,
the solution has the form plotted in Figure 2.

4.2. Particular solution from conservation
laws

We will construct particular solutions of Eq. (1) by adding
to this equation the differential constraints:

C'=Clix,y), CF=CHty), C=Ctx),  (53)
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Figure 2. A plot of the periodic Rossby wave described by (52) with
glt) = costand r(1) = sint

where the components of the conserved vector C', [ =
1,2,3 are given by the expressions (32).

Thereby, a particular solution of the analyzed model pro-
vided by the conserved vector (32) are described by the

system:
Au; + Nu,Au) + Bu, = 0,
D,C' = 0,
D.Ct = 0,
D,ct = 0. (54)
This system is solved using the Maple program. The result

is a periodic-type solution of the form:

Concluding remarks

In this paper we used two important approaches for
finding exact solutions of the 2D inviscid
barotropic nondivergent vorticity equation (1),
namely the Lie symmetry and Ibragimov’s
approaches. Using the Lie symmetry algebra (13),
three types of invariant similarity solutions
generated by 1D subalgebra were pointed out.
More precisely, we considered the subalgebras
generated by X, X3 +Xr, X3 +X, and we found the
associated solutions (46), (51), (52). These
solutions were derived by solving the reduced
PDEs (44), (49) written with respect to the
appropriate invariant similarity variables. The
solutions given show us that, in real atmospheric
observations (in a background zonal basic wind),
the stream function u may have not only linear
shears, but also nonlinear shears. Another result of
this paper is represented by the proof of strictly
self-adjointness of the analyzed model, a feature
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which is essential in applying Ibragimov’s method.
Further, the construction of conservation laws for
all symmetry operators from the basis (13) were
investigated. In that direction, the thorough
calculations proved that only the dilation group
admitted by (1) generates a non-trivial conservation
law, described by the conserved vector (32). The
translation group and the infinite symmetry
transformations involving two arbitrary functions
of time, provide trivial conservation laws. The
solution (55) corresponding to concrete expressions
of the non-trivial conserved vector mentioned
above, was also obtained. As this solution
possesses a stable localized structure, it is a Rossby
solitary wave.
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